The disjoining pressure approach for describing a thin liquid film as a liquid layer of finite and variable thickness is applied to dynamic curved films. The results, which are obtained without making any assumptions about the form of the real stress tensor, are applicable to films with both uniform and uneven thickness. The surface stress tensors of the film surfaces are expressed by integrals over the components of the bulk stress tensor. The balances of the linear and angular momenta at the film surfaces are derived from the respective balances in the bulk phases. The results show that a vectorial disjoining pressure, II, must be included in these balances. It can be represented as a sum of static and dynamic parts each having normal and tangential components about the reference surface of the film. It is shown how the derivedgeneral equations (which serve as boundary conditions for thethree-dimensionaldynamic problem ) simplify for some specific cases and how they are connected with the respective equations derived previously by other authors.
INTRODUCTION
As pointed out in some previous studies on thin films ( 1-3 ), a curved thin liquid film can be represented by means of a membrane of zero thickness with its own (film) tension 3,. This model is sometimes called "the membrane model." On the other hand the film can be represented also as a homogeneous bulk phase of finite thickness h; this is the "detailed model" of the film. The most essential feature of this model is that instead of a single membrane tension (as in the membrane approach), the mechanical state of the system is characterized by two surface tensions (corresponding to the two surfaces of the film) and by an additional (disjoining) pressure inside the film. The disjoining pressure was first measured by Derjaguin and Kussakov (4) in experiments with solid plates. Thermodynamic definition of the film surface tensions was given by Ru-To whom correspondence should be addressed. sanov ( 1 ) and a hydrostatic definition for flat films by Toshev and Ivanov (5) . A comprehensive review can be found in Refs. (6) (7) (8) (9) .
In general, the film surface tensions differ from the interfacial tensions between the respective bulk phases. Moreover, when the film surfaces are not parallel, the film surface tensions and the disjoining pressure depend also on the position at the film surface ( 10, 11 ) .
It is important to note that two variants of the detailed film model can be distinguished in the literature ( 12, 13) . In the first variant, called "the body force approach," the interaction between the film surfaces is accounted for by introducing an additional "body force" term in the Navier-Stokes equation. In the second variant the interaction between the surfaces of the film is incorporated into the boundary conditions of the usual Navier-Stokes equation. This last approach, which is called "the disjoining pressure approach," is followed in the present paper.
The purpose of this paper is to extend the disjoining pressure approach to the general case of dynamical (draining) films with curved nonparallel surfaces. As in the previous part of the present series, all macroscopic relations at the film surfaces are derived from the respective relations in the bulk phases and thus explicit expressions for the film excess parameters are obtained. Since the film surface tensions and the disjoining pressure are the most specific and important effects in this case, we have simplified the treatment by neglecting the inertial terms (low Reynolds' number) when deriving the balances of the linear and angular momenta at the film surfaces.
It is expedient to illustrate first the basic ideas with the example of a static spherical thin liquid film (for more details see Ref. (14) ). In the membrane model this film is considered as a single membrane of radius ro, which intervenes between the two bulk phases (I) and ( II ). For example, r0 can be the radius of the surface of tension (see Ref. (9) ). Alternatively, in the detailed model one introduces an idealized system consisting of the bulk phase (I) with pressure P~ (lying within rx < r < k-), bulk phase (II) with pressure pn (within f< r < ru) and a reference phase (R) with pressure pR (within f < r < ?) ( Fig. 1 ). The film is therefore represented as a spherical layer of the phase (R) of thickness h = ?-F. The spheres of radii k-and f are called "film surfaces". (Note that F< r0 < ?.)
The nonisotropic pressure tensor in the real interfacial region can be expressed ( 15, 16) as __P = PNerer + PT(eoeo + %%), [1.1] with er, e0, and e~ being the unit vectors of the local basis in spherical coordinates. Then one can define the surface tensions ~ of the upper film surface and ~ of the lower film surface by using the following procedure. imaginary sectorial strip, which has infinitesimal width but macroscopic length, YI1 --to, is located orthogonally to the upper Gibbs dividing surface (see Fig. 1 ); a similar strip of length r0 -r~ is orthogonal to the lower surface. (iii) The conditions for equivalence between the real and the idealized systems with respect to the total force and force moment acting on the sectorial strips determine the radii of the film surfaces and the surface tensions; for the upper film surface these are (14) ~r0 [I a~ = (P-PT)rdr,
where
ff = PIO(F-r) + pR[O(r--F) --O(r--O]
= 1 for x>0, [1.4] is the pressure in the idealized system. The same procedure, applied to the lower film surface with radius r = ~, yields grV = ~o ( fi _ Pw)rdr,
The radii f and ?, thus introduced, define the surfaces of tension for the two interfaces between the film and the adjacent phases (I) and (II). It should be noted that the four quantities or, a, r, and fdepend on the reference pressure pR. That is why to different choices ofP g correspond different model systems. When the film is in contact with a bulk liquid it is convenient to use the pressure in the liquid as a reference pressure pR (see, e.g., Ref. (11 )). The dependence of the film surface tensions on the choice ofP R was discussed in Ref. (9) . Since we consider now a static system, the condition for mechanical equilibrium in the real system is V. P = 0. In view of Eq. [1.1] this condition takes the form ( 15, 16) The quantity II = PN(ro) --pR [1.10] appearing in both Eqs. [1.9] and [1.10] was termed in Ref. (14) the disjoining pressure of the spherical film. According to this definition the disjoining pressure II is connected with the total pressure tensor P and therefore II accounts for all kinds of interactions in the film: van der Waals forces, electrostatic forces, etc. Eq. [ 1.10 ] shows that II can be calculated from the value of PN on the reference surface r --r0; note that PN(r0) can be expressed through integrals over the intermolecular potentials and the pair correlation functions (see, e.g., Eqs. [34.6]-[34.8] in Ref. (16) ). It is worth noting that the disjoining pressure appears because the component PN of the pressure tensor at the reference surface in the real system is different from the pressure pR in the idealized system. Such a term does not appear in the membrane model, because then the limits of integration are always taken to be in the bulk phases, where the pressures in the real and the idealized systems are the same (see, e.g., Ref. (16) ). The disjoining pressure term can be eliminated if one chooses pR = PN(r0) but such a choice has many inconveniences (9) .
Since the disjoining pressure acts normally to the reference surface, one can write a vectorial version of Eq. [ 1.10 ] : II = n'(p--pRU)lr:ro, [1.11] where U is the three-dimensional idemfactor and n is an outer unit normal to the reference surface.
The These two equations can be interpreted as normal force balances at the two film surfaces.
Indeed, imagine a surface element of area 2xA on the reference surface r = r0. The orthogonal projection of this element onto the film surface r = k-(or r = r") is of area 2xAi-2/r~ (or 2xA72/r2o). The disjoining pressure, 11, as defined by Eq. [1.10], can be interpreted as an excess force per unit area acting on the reference surface. The terms Iir2/72 and IIr2/~ 2 in Eqs. [1.12 ] are the orthogonal projections of this force on the film surfaces r = ?-and r = ~, respectively. The first Eq. [ 1.12 ] shows that the pressure drop PX -pR across the lower film surface and the interaction between the film surfaces is accounted for by two terms: the curvature term 2a/~-(in which the surface tension a, because of the interaction between the film surfaces, will be different from the surface tension of a drop of the same radius) and the disjoining pressure term IIr2/f z. Analogous interpretation holds for the second Eq. [1.12].
In the above, we chose the surface of tension of the film, r = r0, as a reference surface. However, in the general case the role of reference surface could be played by any spherical surface lying inside the film region. Hence, the disjoining pressure depends both on the choice of the reference pressure pR and on the choice of the reference surface. However, once the choice of the idealized system has been made, II has a well-defined value for any given physical state of the real system.
We will show below that a vectorial definition of the disjoining pressure, as in Eq. [1.11] , is valid not only for a spherical film, but for any film of arbitrary curvature. Although mathematically the treatment of an arbitrarily curved film is much more complicated, the basic ideas are the same as outlined above for a spherical film. In the next section we will derive expressions for the excess stress tensor at the film surfaces. In Section 3 the surface momentum balances are derived. The linear momentum balances, Eqs. [ 3.16 ] and [ 3.17 ] , which connect the surface and bulk stress tensors and the vectorial disjoining pressure, are general boundary conditions for the solutions of the equations of fluid motion. The angular momentum balance defines the positions of the film surfaces. In the last section the physical meaning of some results is discussed and several simplified forms of the general surface momentum balance equations are obtained.
SURFACE TENSIONS OF A DYNAMIC CURVED FILM
Let us consider a dynamic curved thin liquid film of variable thickness situated between two fluid phases (I) and (II). We suppose that the total stress tensor, _T_(r), and the density distribution o(r) are known and are continuous functions throughout the real system. For example, they can be calculated by means of the methods of statistical mechanics (see, e.g., Ref. (16) ). As in the analysis of single interfaces (9) the total stress tensor T is supposed to be a symmetric tensor, which can be represented as superposition of the pressure tensor _P and the tensor of viscous stresses Q:
Let us now introduce an idealized system in which the film is considered as a layer from the reference phase (R) enclosed between two curved dividing surfaces, which represent the surfaces of the film. In other words, the detailed model is used. The three phases (I), (II), and (R) of the idealized system preserve their bulk properties up to the dividing surfaces.
In order to give mathematical description of the system let us choose a reference surface located somewhere inside the film; for example the surface of tension of the film can serve as a reference surface. Then let (u 1, u 2) be curvilinear coordinates at the reference surface, let R (u 1, u z) be its running radius vector, and let n(u 1, u z) be the running normal to the reference surface. One can introduce curvilinear coordinates (u 1, u 2, X) in the space by means of the equation ( 17, 19) r(u 1, u 2, X) ~-R(L/1, 1l 2) %-)kn(u 1, L/2), [2.2] where r is the radius vector of an arbitrary point in the space and X is the distance from this point to the reference surface. Further, let the equations of the dividing surfaces for the film be X=((u 1,u 2) and )~= ~(u 1,u2); [2.31 here and hereafter the symbols "-" and ..... denote quantities referring respectively to the lower and the upper film surface (Fig. 2 ). Since there are three separate model bulk phases in the idealized system one can express the mass density profile, ~, and the stress tensor, -_T, there as follows: In order to make up for the differences between the stresses in the real and in the idealized systems one must introduce surface stress tensors _~ and _~ at the surfaces of the film. If is the idemfactor at the upper film surface, then fi.~=0, ~n'~=~. [2.12] Of course, analogous relationships hold for the lower film surface. Let us consider an elementary arc dl on the reference surface and let AA~ be the corresponding sectorial strip normal to the reference surface (see Fig. 2 ). It was proven by Eliassen (17) that the vectorial surface element ds of a sectorial strip can be expressed as
where _UII, b = -Vnn, and H are respectively the idemfactor, the curvature tensor, and the mean curvature of the reference surface. The condition for equivalence between the real and the idealized systems with respect to the force acting on the sectorial strip, applied to the lower (X~ < X < 0) and to the upper (0 < X < X2) parts of the system separately, provides the following equations (cf. dXL_.(T_-T_); [2.15] here d[(dD is the common arc of the lower (upper) film surface and the sectorial strip, and ~ (~) is the normal to this arc lying in the respective film surface. Eqs. [ 2.14 ] and [ 2.15 ] are the conditions for equivalence by force between the real and the idealized systems.
The conditions for equivalence between the real and the idealized systems with respect to the force moments acting on the sectorial strip, applied to the lower and to the upper parts of the system separately, provides two more equations:
In order to obtain from Eqs. [ [2.5] and i can be represented as sums of an elastic (a or _~) and a viscous (_r (v) or i (v)) part: [1.5] . By analogy with the case of a spherical film one can conclude that the di-riding surfaces, introduced in the present section, are the surfaces of tension of a dynamic curved film. Indeed, they were defined from the conditions for mechanical equivalence (with respect to the forces and force moments) between the idealized and the real systems. Our purpose now is to find some of the boundary conditions which the solutions of Eqs. [3.2] must obey at the film surfaces X = f(b/1, U 2) (between the phases (I) and (R)) and X = ~(u l, u 2) (between the phases (R) and (II)) in the idealized system. Let A be an arbitrary parcel from the reference surface and let us consider a cylinder built on A, as shown in Fig. 3 . The cylindrical surface, which is a superposition of sectorial strips like that in Fig.  2 , cuts offtwo parcels, A and.4, from the lower and the upper film surfaces. The bases X = Xl and X = ~k 2 of the cylinder are thought to be far enough from the film for the condition (T_ -T-)Ix-x, : (T_ -___)Ix=x2 = 0 [3.3] to hold. However, if the thickness of the film is small enough, the stress tensor in the real system T at X = 0 (at the reference surface) will be different from the reference stress tensor T R, just like the normal component of the pressure tensor PN (r0) does not coincide with the reference pressure pR at the surface often- Let V ÷ be the upper part (at 0 < 2, < X2) of the cylinder in Fig. 3 --Jd dAII(a/a)l/2' [3.11] where we have introduced the notation II = n.(~-T)tx=0. [3.12] Using the curvilinear coordinates [2.2] one can represent the volume element d V in the form (19) dV= xdXdA, [3.13] where the factor X is determined by Eq. The term with II in Eqs. [ 3.16 ] and [ 3.17 ] , whose appearance is a consequence of the relationship [3.4] , is the only term without counterpart in the membrane model (cf. Eq.
[228] in Ref. (9)). In fact, Eq. Obviously the disjoining pressure in an equilibrium system contains only the term II (~). A geometrical interpretation of the factor (a/d) ~n, multiplying II in Eq, [3.16] , follows from Eq. 19 ] , after some algebra one thus finds (a/a) 1/2 = (n-fi)/X(0, [3.20] where X is defined by Eq. [2.23].
(b) Balance of the Angular Momentum
The balance of the angular momentum at the film surfaces can be derived similarly to the balance of the linear momentum from the respective balances in the bulk phases of the real and of the idealized systems. Since the balance of the angular momentum in a bulk fluid phase requires that the stress tensor must be symmetric, the tensors T and T must obey the identities Following the procedure used above to derive Eqs. [ [ 3.17 ] are the conditions for balance of the linear momentum at the surfaces of a thin liquid film. They must be used as boundary conditions at the surfaces of a draining film, when the velocity fields in the bulk phases I and II and in the film (phase R) obey Eqs. [3.2] . When II = 0 (e.g., when the film is sufficiently thick), Eqs. [ 3.16 ] and [ 3.17 ] reduce to Scriven's (20) equation for the momentum balance at the interface between two bulk phases (at low Reynolds number).
In the approach used by us (called often "the disjoining pressure approach") the liquid flow in the film phase (R) is governed by the same equations (3.2) as the flow in a bulk phase and all interactions inside the film are incorporated in the boundary conditions [ 3.16 ] and [ 3.17 ] . (The alternative "body force approach" is discussed at the end of this section.) We must emphasize however, that the interactions are accounted for not only by the disjoining pressure II. The terms Ff and I'f, and more importantly, the surface stress tensors ~ and ~, will also depend on the interactions inside the film. As already pointed out, this will lead to the alteration both of the viscous part r (v) and of the elastic part a_ (see Eqs. [2.34] and [2.35] ) of the surface stress tensor. For example, in the case of an equilibrium symmetric plane-parallel film, _a reduces to the scalar J, the film surface tension, the latter being connected with the disjoining pressure II by the equation (21 ) a f= at+ ½ Ildh, [4.1] where h is the equilibrium thickness and a l is the interracial tension between the bulk phases. Although much more complicated, a similar dependence between _a and II exists also for an equilibrium film of uneven thickness (see below). Moreover, since ~_ and P in a draining film contain viscous parts, even the elastic part, g, of the surface stress tensor could depend also on the film viscous properties and the flow pattern. This dependence is analogous to the dependence of the pressure in a bulk fluid on the viscosity and the flow pattern. By using model considerations like those in Ref. (29) , from the expressions [2.34] and [2.35] for the excess surface stresses r_ "(v) and _~(v) one can derive equations for the surface viscosity coefficients. It is obvious from Eqs. [ 2.34 ] and [ 2.35 ] , that the surface viscosities of a thin film will depend on the film properties and the choice of the reference phase and the reference surface. Therefore they should be, at least in principle, different from the surface viscosities of the interfaces separating the same bulk phases.
The relative change of the tensor of the film surface tension a, as well as of the surface viscosities, with respect to their values for the interface between the same bulk liquids are very small; for example (a f-#)/a t for a planeparallel film (cf. Eq. [4.1] ) is usually smaller than 1%. Still, these changes may become important when the variations (or the deriva-tives) of the respective quantities enter the equations.
Another conclusion worth noting is that the surface stress tensor _r can have nonzero components z,3 along the normal to the film surface (see Eq. [2.9] ). In other words, in a dynamic system the surface tension is not bound to act only tangentially to the surface. However, this effect seems to be of lesser importance, since the quantity F. a n is expected to be very small, which allows neglecting the normal components r,3 (a = 1, 2) (see the comments after Eq. [3.38] ).
Probably the most important result of the present work is Eq. [ 3.12 ] , which shows that in the general case the disjoining pressure is a vector, rather than a scalar. This means that, unlike the case of plane-parallel or spherical films, where the disjoining pressure acts always normally to the film surfaces, in the general case II may have components tangential to the film and the reference surfaces as well. As shown below, only when the film is symmetrical with respect to a fiat reference surface do the tangential components of 1I in a film of uneven thickness vanish. Similarly to the surface stress tensor, the vector of the disjoining pressure can have a hydrostatic, II <s), and a viscous part, II ~v> (see Eq. [ 3.18 ] ). Although the hydrostatic part is analogous to the equilibrium disjoining pressure, in the sense that it accounts for the interactions in the film, it can contain in principle a viscous part as well, stemming from the viscous dependence of P and pR. The purely viscous disjoining pressure II ~v) accounts for the difference between the bulk viscous stresses at the reference surface in the real and the idealized systems, Q and Q, respectively. If the velocity fields at the reference surface in both systems are the same, 11 <v) will be entirely determined by the difference in the viscosities, again at the reference surface.
The main results of the present study are valid also for a system containing solutes, e.g., surfactants. For example the definitions of the surface stresses, Eqs. [2.30] and [2.32] , and of the disjoining pressure, Eq. [ 3.12 ] , will remain the same. This does not mean, however, that the values of the disjoining pressure and the surface stresses (both elastic and viscous) will not be altered. Since the equations of motion [3.1] and [3.2] in this case are coupled with the diffusion and adsorption equations, the bulk stresses _T and ! will be affected by the presence of the solute and this in turn will change the surface stresses and the disjoining pressure. Indeed, it is very well known that the presence of surfactants modifies the surface tension; the surface viscosities and the disjoining pressure of a film and the role of these effects on the drainage and rupture of thin films has been extensively studied ( 13, 22, 23) . However, in all these studies, dealing only with relatively thick films with small or zero surface curvature, the disjoining pressure was treated as a scalar, having the same value as in an equilibrium film with the same thickness. Moreover, the variation of the surface tension along the film surfaces was ascribed only to the variation of the adsorption, the latter being calculated by means of an adsorption isotherm. In other words, most of the effects discussed in the present work were ignored. Without model calculations it is difficult to say how important they are and to give a recipe for applying the present theory to the solution of specific hydrodynamic problems such as movement of the three-phase contact line or capillary waves in thin films. Such calculations are now under way. Even in its present form, however, the theory gives some insight into the physical meaning and the interplay of the factors involved. Toward this aim we show below how the general equations simplify for some specific cases and how they are connected with the respective equations, derived previously by other authors and by us.
Planar Reference Surface
Since for a planar reference surface _b = 0, H = 0, and K = 0, Eqs. [2.25] This shows that II has no components tan-gential to the flat reference surface. This fact was already used by us (without proof) in our treatment of the transition region between a film and the axisymmetric liquid meniscus around it (11 ) . Model calculations of the equilibrium van der Waals component of the disjoining pressure in the same system, performed by Groshev et al. (24) by using the Irving and Kirkwood (25) expression for the pressure tensor, showed that the tangential component of II identically vanishes, which confirms Eq. [4.8 ] . Note, however, that Eq. [4.8 ] is valid also for a nonequilibrium system.
Axisymmetric System with Planar Reference Surface
To simplify the treatment we will neglect hereafter the viscous surface stresses _r (v), and most of the equations will be written only for the upper film surface. Then so that = a~n [4.9] ~II" ~ = 2/~afi + VIIff , [4.10] where/1 is the mean curvature of the upper film surface. By means of Eq. where we have neglected the term proportional to the external (gravity) force f. To utilize the symmetry of the system (see Fig. 4 ) it is convenient to introduce polar coordinates u ~ = r, u 2 = ~ in the plane XY: where ]I t and Hn are the tangential and the normal components of II, respectively. 
Axisymmetric Static Systems
For a static system Q = 0; if the film is thick enough II = 0 and the film surface tension equals the equilibrium interfacial tension between the two bulk phases ~l = const. Then both Eqs. [ 4.16 ] and [ 4.17 ] [ 4.24 ] have been previously derived respectively in Refs. (11 ) and (10) by using simple force balance considerations. Equations [4.18] , [4.23] , and [4.24] form a full set allowing the calculation of ~:(r), ~(r), and ~(r) provided that II (s) is known from the microscopic theory. Generally, II (s) is a functional of the shape ~:(r) of the film surfaces so that Eqs. [4.23] and [4.24] are in fact integro-differential equations. One way to solve the problem is to use an iterative procedure, starting with II is) calculated for the idealized system, as zeroth approximation.
The 4.20 ] , shows that the hydrostatic equilibrium in the transition region around a symmetric film is ensured by simultaneous variation of and II (~) ( 11 ) . In other words, the assumptions II (s) # 0 and ~ = const are incompatible. Therefore, all attempts to ascribe the interaction between the meniscus surfaces solely either to II (S~ (with ~ = const) or to ~(r) (with II (s) = 0) are inconsistent. The physical meaning of Eq. [4.25] is discussed in Ref. (11 ) , where it is derived by means of transparent force balance considerations for the special case of the transition region between a plane-parallel thin film and the capillary meniscus.
On the Connection between the Disjoining Pressure and Body Force Approaches
As has already been pointed out, in the disjoining pressure approach used by us all the interactions in the film are incorporated in the boundary conditions, whereas the equations of motion, Eqs. [3.1] and [3.2] , are the same as those for a bulk liquid. In the alternative "body force" approach, proposed by Felderhof (27) , the interactions in the film are incorporated in the equations of motion: the electrostatic forces--in the stress tensor and the van der Walls forces--in a body force term. Since there have been controversies in the literature about the applicability of these approaches, we will establish below the connection between them. We will do this for a film without electrostatic interactions. From the formal viewpoint the difference between the two approaches consists in the choice of the idealized system, more precisely, in the definition of the pressure tensor -_P in the idealized system. Let us introduce a new scalar pressure P~ in the model bulk phases by the relationship pb~=pr_0rWr, y=i, ii, R, [4.26] where WYis the excess van der Waals potential in the respective bulk phases, called also the "body force potential." One assumes in this approach that the van der Waals interactions are additive, so that W r is defined by ( One sees that because of the "body force" term p YV W Y the pressure P~ will not be constant throughout phases I, II, and R even when the external mass force f = 0 and the system is in equilibrium (Q = 0). at X=(, [4.32] which for an equilibrium film yields (12) pi, = p~. [4.33] In conclusion, there is no contradiction between the disjoining pressure and the body force approach. Of course, this conclusion holds for the case of van der Waals interactions in the film considered above. The case of electrically charged film surfaces requires a separate study. The disjoining pressure approach has the advantage of allowing the construction of the macroscopic theory of the curved thin films in a general form without making any model assumptions (like Eq. [4.27] ) or simplifications from the very beginning.
CONCLUDING REMARKS
The disjoining pressure approach for describing a thin liquid film as a liquid layer of finite and variable thickness is applied to dynamic curved films. The results, which are obtained without making any assumptions about the form of the real stress tensor, are applicable to films with both parallel and nonparallel surfaces. It is demonstrated that from the condition for mechanical equivalence between the real and the idealized systems follow relationships expressing the stress tensors of the film surfaces through integrals over the components of the pressure tensor.
The balance of the linear and angular momenta at the film surfaces are derived from the respective balances in the bulk phases for low Reynolds numbers (negligible convective terms). The results show that in contrast with the case of an interface between two bulk phases an additional vectorial pressure II must be included in these surface mechanical balances. The vectorial field II, which is defined along a reference surface inside the film, accounts for the fact that the stresses in the thin film differ from the stresses in the reference bulk phase. That is why II is called disjoining pressure and thus the definition of Derjaguin (28) is generalized. II can be represented as a sum of static and dynamic parts, each having normal and tangential components about the reference surface (Derjaguin's scalar disjoining pressure is in fact the normal component of the static part of II). In principle all parts and components of II must be accounted for when describing the shape and the motion of the film surfaces or when studying the movement of a three-phase contact line. However, the problem is simpler when the surfaces of the film are symmetric with respect to a fiat reference surface: the balance of the angular momentum requires that in this case the tangential component of II must be identically zero.
The general surface balance of the linear momentum is applied for the special case of an axisymmetric film with fiat reference surface and isotropic surface stress tensors. The two independent projections of this vectorial balance are in fact generalizations of the known Laplace equation and serve as boundary conditions for the three-dimensional dynamic problem. If the disjoining pressure is not zero, the film surface tensions depend in general on the position along the film, even for static films.
In the disjoining pressure approach, used in the present study, the film excess properties are accounted for only through the boundary conditions at the film surfaces. In the body force approach of Felderhof (27) an excess body force potential is included in the equations of motion in the bulk phases. It is shown that these two different approaches correspond to two different choices of the idealized system. In the case of predominating van der Waals interactions in the film the two approaches are essentially equivalent. The case when the film surfaces are electrically charged requires a particular study.
In summary, the disjoining pressure approach followed in this paper is conceptually simple and allows generalization for arbitrarily curved films without making model simplifications.
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